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Abstract. A study of zero-dimensional theories, based on exact results, is presented. First, relying on
a simple diagrammatic representation of the theory, equations involving the generating function of all
connected Green’s functions are constructed. Second, exact solutions of these equations are obtained for
several theories. Finally, renormalization is carried out. Based on the anticipated knowledge of the exact
solutions the full dependence on the renormalized coupling constant is studied.

1 Introduction

In this paper we study several aspects of zero-dimensional
quantum field theory. Such theories may serve as a model
(the static ultra-local limit) of more realistic quantum field
theories, and as a useful didactic object in their own right,
since zero-dimensional theories, for which the path inte-
gral is actually a simple integral, allow for many explicit
and exact solutions that cannot be obtained in higher
dimensions. As recent examples, we may quote 't Hooft
[1] and Bender et al. [2]. Questions of particular interest
here are the behavior of theories in high orders of per-
turbation theory (either many loops, or large number of
external legs), and of the relation between the diagram-
matic perturbation expansion and the full solution. The
layout of this paper is as follows. We start by a diagram-
matic (re)derivation of equations that govern the set of all
connected Green’s functions of the theory. We show how
for a general scalar theory with arbitrary interactions the
Green’s functions may be obtained order by order. We
point out how the Schwinger-Dyson equation, although
derivable from purely diagrammatic arguments, in fact de-
scribes a much larger class of solutions. Next, we discuss
the representation of these solutions as path integrals over
contours in the complex ¢-plane. Exact solutions for the-
ories with interactions up to ¢ are obtained including ex-
plicitly perturbative and non-perturbative contributions.
We show how a classification of the allowed contours in the
complex p-plane can immediately determine properties of
the non-perturbative character of these theories. Renor-
malization, which for these theories is equivalent to im-
posing restrictions to diagrams, is also studied. The wave
function renormalizations are fully determined and their
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dependence on the renormalized coupling constant of the
theory is presented and discussed.

2 Basic equations

In this section we derive equations for an arbitrary zero-
dimensional field theory. The derivation is based entirely
upon the diagrammatic representation of the theory. A
theory is diagrammatically defined by a sequence of ver-
tices that are weighted by the ‘coupling’ constants taken
for convenience as —\y, for the k-th vertex. In fact, the
two-point coupling A\ = m? = p can be eliminated by the
introduction of the propagator which means that every
line of a diagram accounts for a factor 1/u. Moreover a
loop in a graph is counted by an additional parameter, A.
A solution of a zero-dimensional theory is determined by a
sequence of objects C,,, n =0,1,2,... that represent the
connected, n-point Green’s functions, i.e. the sum of all
connected diagrams with n external lines. One can define
the generating function of the Green’s functions as

> (1)

P(x) = Z £Cn+1 .
n=0

We want to write down an equation for ¢, and in order to
do so, we represent it with a diagram:

¢(z) =—0O .

Derivatives of ¢ with respect to x are represented by extra
lines,

and so on.
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2.1 The Schwinger-Dyson equation

Let us consider a theory with a k-th vertex. In order to
write an equation for ¢ we start with the bare vertex and
we attach & — 1 blobs

%

The factor 1/(k — 1)! is due to the k — 1 identical blobs.
Considering a one loop attachment we similarly have

b i

2! (k= 3)! "
The factor 1/(k — 2)! is again due to the k — 2 identical
blobs, whereas the 1/2! is due to the symmetry factor
of blob with two lines. Following this reasoning we can
proceed with higher powers of &. For instance at the two-
loop level we get two terms

(bk_l
0
LT TR

8t P

; 21212! (k — 5)!
2@25” ¢k74

%O TRk

Finally the last term, i.e the term with the largest number
of loop attachments, will simply read

¢(kf2)

T

@

The result looks like

o=+ 90.% % %. .o

The equation reads

B PF1 s $F—3 ) ¢’2 pFs
xu¢+/\k((,€_1)!+h 21 (k — 3)! MEETEIET (k —5)!
o ph4 _, ¢

For an arbitrary theory a sum over k should be under-
stood. It represents a non-linear differential equation for
¢, the Schwinger-Dyson (SD) equation, which has been
derived by the direct application of the Feynman rules.
In order to be more specific let us consider a theory
with only a 3-point and a 4-point vertex. Following the
abovementioned reasoning a diagrammatic equation for ¢

looks like

@=x+%§+{o+{§+%+@ :

This reads

T )\3

— z)? (x
u[aﬁ() + he'(x)]
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—2—; [6()° + 3ho() (x) + 26" ()] . (3)

This equation generates equations for the Green’s func-
tions if the power series of ¢(x) is inserted. The first three
are

1 h
C, = *@Cf(MCl +3A3) — 502()‘401 +A3)

*@)\403 ;
1

2

7£()\303 + M\ C1C5 + )\402) — iz)\ C
2'u 2 GM 4“4

Cy = (2A3C1Cy *2+)\4C’12C'2)

1
Cs = f@(zxgclcg + 20302 + X\ C5C? 4+ 20,C2CY)

2
*£(3>\40203 + A3Cy + )\40104) — £A4C5 . (4)
2u 6u
The SD equation is invariant under certain redefinition
of the parameters involved. It is not difficult to prove that
if ¢(p, M\, B; ) is a solution, also c?@(c® 2Py, c*=FB ),
c“h; c*~Pz) is a solution for any ¢, o, 3. This scaling prop-
erty is also a concequence of the fact that ¢(u, Ag, ii; )/
V/h/p is a dimensionless function of the scaled variables
y = x//hpn and g, = A\ i*/2~1/p#/2. The scaling property
can be expressed with the following equations, derived, for
instance, by differentiating with respect to ¢ and taking
c=1:

0 0 0 0
<x+,u+h—|—)\k>¢20 ,
or

0 0 0

These equations are equivalent to the usual topological
relations that relate the number of external lines F, the
number of internal lines I, the number of k-vertices Vi,
and the number of loops L, appearing in any diagram,

kEVp,=FE+21 Vi=I1+1-1L.

A sum over k should be understood in the general case.

2.2 Stepping equations

In the diagrammatic construction, one assumes that every
Green’s function can be written as a sum of diagrams, con-
sisting of vertices connected by lines (propagators). The
power of 1/p in a diagram is equal to the number of prop-
agators, and hence the operation —9/0u on this diagram
corresponds to cutting a single propagator in all possible
places in that diagram. There are two possibilities for the
result: the chosen propagator may be either a part of a
loop, in which case the diagram remains connected when
we cut this line, or part of the ‘tree skeleton’, such that
cutting it makes the diagram diconnected:

0 =- +-00 .
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In the first case the cut diagram remains connected but
gains two external lines at the price of one loop (i.e. on
power of A); in the second place, the cut diagram falls
apart into two connected diagrams:

2 9=-0+-00.
w

Putting in the correct symmetry factors, we can express
this procedure by

0 / h " _
$2: go() o) @) + 5@ =0 (©

where the second term comes from diagrams that fall apart
under cutting, and the third one from loops that are cut
open. We call (6) the Step-2 equation (S2) since it de-
scribes a procedure in which the number of external legs
is increased in steps of 2.

Like SD (3), the Stepping equation S2 implies relations
between various C’s. The lowest few of these read

2 9
Cs = -7 <C1C'2+8C'1> ,

2 9
Cy = - <0103+02 au02> ,

2 9
Cs = (ClC4+30203+ 03) ,

o
9

cez—ﬁ <0105+40204+C§+wc4> , (D

and so on. Note that S2 is completely independent of the
interaction potential, and therefore perforce contains in-
formation independent of that contained in the SD. It
follows that there must be solutions to SD that do not
obey S2 and that these solutions cannot be represented by
Feynman diagrams.

It is possible to combine SD and S2in the following
manner. Taking the first equation in (3), we express C3 in
C5 and C4, and solve for Cs:

aoC 1
p) Pt R (6;401 + 32307 + MCY)

op
33 + M Cy

Csy =

Inserting this into the second equation of (3), we find a
differential equation for C alone:

801 3201
— 4j2 03232
0 h )\4 ( " ) 2h /\4 ’u2

X [9)\% (3/\3 + )\401) + 6[1)\201
x (3\3 + MCh) + 3RAICT — 54u*A3Cy — 2ThA3 .

00,
h——

o
- 36,&)\3)\4] - 9,[1)\3012

(8)

(MC1 4 3X3) —

By inserting the series expansion

= Zakhk 5

E>1
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we can then successively determine the coefficients:

o] = _ﬁAS )
o 3
s = 24 ——=(15A3 — 16pA3\s)
as = 48 —— (903 — 185uA3As + 661°A3A])
oy = _W(ggzmg — 30270uA3\,
+ 2428012 A3 A2 — 4352, \s\3) |
and so on.

Whereas S2 is independent of the interaction potential,
we can also derive stepping equations by deleting vertices
rather than cutting lines. For example, let us depict all
possible ways in which a selected ¢® vertex (denoted by a
dot) can occur in a connected graph:

@—{B+@o+©@+@§.

Deleting this vertex gives us
O
mg{) CE+-0=0+-0-0+-0-

or, in terms of ¢(z), the following Step-3 equation (S3):
. 8 1 2 1 1 1 N2 1 2 1
83 ot gh'd +5h[od" + ()] +56°¢ =
)

A similar treatment holds for ¢* vertices: the possible
ways in which such a vertex can occur is given by

—0=-@+-0 + -DO + -Oxg

+@4@+@1§+@%,

and the result of deleting is given by

0 _ 0

o, 9
+-O-0 + {}b + {}\({)) .
The corresponding Step-4 equation (S4) is
84. ¢ + h3¢,”/ + [2¢¢/// + 5¢ ¢//]
+1h W + 2¢<¢'>2} +50% =0 (10)

2.3 The charged scalar field

Up to now we dealt with diagrammatic construction of
zero-dimensional field theories involving only one field. As
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an illustrative extension, we consider a theory with two
fields, i.e. a complex, or charged, scalar field. The Green’s
functions are labeled with two integers, and the generating
function has two expansion parameters x and Z. Let us
introduce the notation

1o} = 0
"% 0 9T ao
then
_ < gngm
¢(x,x): Z P n,m+1 -

n,m=0

To write down the SD equation, we introduce two kind of
lines, distinguishable by an arrow. The generating function
is represented by

¢(x, ) (. )

An incoming external line represents a 9, and an outgoing
line represents a 0. Notice that

h0p = hop = »@> .

We also introduce a four point vertex with two incoming
and two outgoing lines, so that the SD equation we want
¢ to satisfy is given by

4:x+++4;o++g;++{g++€),

2
z ¢¢——fww——ﬂw¢—¥1&% (11)

=0 =<0 .

or

¢ =
u
Notice that incoming and outgoing lines are not equiva-
lent, which is represented by the symmetry factors.
Also for the charged scalar field, we can write down
stepping equations. For the first one, we use that in the
diagrammatic interpretation

@ =@ +-0-0 +>-0-0
leading to

8 _ -
% ¢ = —hddp — pdp — $O¢d . (12)

The diagrammatic derivation of the stepping equation in-
volving the derivative with respect to A, although equally
straightforward, is rather cumbersome, leading to many
terms which we refrain from listing here.

3 Solutions to the equations
3.1 The integral representation

The SD equation is highly non-linear. Let us consider the
general term connected with the coupling Ay in (2):

¢k—1 ¢/ ¢k 3 ) ¢'2 ¢I~c—5
G—n P a g T e =),

+ At +h
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pk=2)
(k—1)!

¢// ¢k—4

k—2
e

+h?

It can obviously be organized such that it can be written
as

hk—m—l
Qk_n;{akz;m g 1(2N)e2agl - (k — 1)) 1a,_;!
X(¢) (@) (gD (13)
where Z{ak,l;m} stands for the summation with ay,as,

,ax—1 running over all positive integers under the re-
strictions that

ai+2a2+3az+...+(k—Dap_1 =k —1
and
ar+ax+...+ag—1=m .

This sum can be interpreted following the time-honored
formula of Faa di Bruno [3]:

d” "

m=0

Z (n;aq,...

{anm}
{g' (@)} {g" ()} -+ {g™) (@)}

aan)

X

where

n!
1!)‘“ aﬂ(?!)‘”aﬂ v

(n;a1,...,a,) = (

Nang, |
! Qp!
(n )

The identifications ¢'(z) = ¢(x) and f™(g(z)) = h~™

f(g(z)) with the solution
ola) = [ dzoto)
ﬂg@ﬁ)zfum:uxp(;/@xw¢0 o

lead to an equation for R, which, including all possible
vertices, reads

o0

Ak
kzzg k= 1)

REIRD 4 uh R (z) —

(xt—A)R(z)=0 .
(15)

This is a linear equation, and a solution can be represented
by an integral

ree) = [ dp o {floo-sa1} a0

where

1 Ak
S(¢)=A1¢+§uw2+§:gsﬁ’“ :
k=3
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and where I is a contour in the complex ¢-plane, such
that the difference between the values of the integrand in
the end-points is zero. This is the well known path integral
representation, with the action S.

A remark is in order. Although the SD equations re-
sulted from a a purely diagrammatic construction, their
solutions, expressed through the path integral representa-
tion, include non-perturbative ones that cannot be real-
ized in a weak coupling expansion, as we will see below.

Secondly, we note that (15) can be used to write the
original SD equation for ¢ compactly as

Ak
k-1

9 k—2
r=Mtpo+ Y (hagc+¢> ¢ . (7

k>3

For a general interacting theory, differentiating Ry with
respect to A, in (16), the stepping equation in terms of ¢
can be rewritten as

9 19 a\""!

Y __ - = h—

e Koz (¢ + 8x> ¢
and in case only a k-vertex and the tadpole \; is present,

combining with the SD a simpler form is obtained

o __ 1
e ke

(18)

((x =) ¢ + 6 —2u0¢’ — hug") . (19)

Moreover for a charged scalar field the stepping equation
in terms of ¢ can be written in a compact form

J¢ 1. - 9 =
—_ == I h . 2
00 = 106+ B0V (6 + 1) (20)

Finally, the linear SD equation for ¢? + ¢*-theory be-
comes simply

1 1
6)\4713]%’”(1:) + 5)\3712R”(x) + phR (x) —zR(z) =0 ,
(21)

and we see that R(z) admits 3 linearly independent solu-
tions (2 if Ay = 0). Hence ¢(x) has a 2-parameter family
of solutions (a 1-parameter family if Ay = 0). In the se-
quel we will show how to get exact explicit solutions for a
number of scalar theories.

3.2 Results for pure ©3-theory

In this section we derive results for the pure p3-theory,
with action
Lo oo 1, 3
S(p) = gue™ + g A” (22)
This theory is interesting because as we will see the solu-
tion for the generating function can be expressed directly
in terms of known special functions. Defining

T MWh

y = ﬁhu Y g = 6”3/2

571
the SD equation becomes
3¢R"(y) + R'(y) —yR(y) =0 (23)
which admits the following general solution
R(y) = e /% [c Ai(t) + c2Bi(t)] (24)

where

_ 1
t=(3¢)"Y/3 (125 +y> .

Ai and Bi are the Airy functions (cf. [3]). The solution for
the generating function of connected Green’s functions is
given by

po\ 6§

with 9 = t(y = 0). The constant K is not determined by
the SD equation: in fact it could have been even a function
of &.

For solutions that admit a diagrammatic representa-
tion extra information can be obtained by combining SD
and stepping equations. For instance, the scaling and step-
ping equations of the previous section result to a K that
is independent of £. Moreover by combining SD and S2 an
equation involving only Cf:

fnyo 1/ AT’ (1) + KBi'(t)
o(x) = <—+21/2t0 Ai(t)+KBi(t)) (%)

2u2Ch + MuCi + m?aﬂcl +hA=0 , (26)
0

can be obtained. The series of substitutions

1

Y
Cl__T/ﬂf(v)v w—%,

leads to the Bessel equation

1
w0 (w) 4w w) - (w24 5 ) wlw) =0
The special solution choice (w) = K /3(w) gives the fol-
lowing tadpole and its asymptotic expansion:

2 (Kanle)

0 =\
W<1_5 L1

v

K 3(w)
15, 1105

I
N—27— —
G T3V T e

A 2u?

1695
+ —v

% +>

(27)

This tadpole, therefore, has a non-perturbative contribu-
tion. The more generic choice ¢ = k111 /3(w)+kol_1/3(w),
with k1 # —ko, gives

2 (k1[2/3(w) + kalyys(w) 1)
v \ k1ly3(w) + kal_1/3(w) ’

flv) =
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hiA? 5 15 1105
Ci~—-—""1(1 e -2 o3
1 2M2<+4’U—|—4U+64U
1695

+—v

NI

(28)

which is the standard perturbative result [4]. The coef-
ficients k; and ko drop out for the perturbative expan-
sion: they simply account for non-perturbative contribu-
tions that are not computable perturbatively!

A remark is in order here: although all the terms in
the perturbative series for C7 have strictly the same com-
plex phase and according to the traditional wisdom the
series is not Borel summable, the exact result is well de-
fined, indicating that a suitable generalization of the Borel
transform will produce the right answer [5].

Another interesting aspect is the large n behavior of
the Green’s functions, where n refers to the number of ex-
ternal legs, a problem that is traditionally seen as relevant
to the unitarity of the S matrix [6]. This can be traced
from the analytical structure of the solution for the gener-
ating functions in the complex x-plane. As is evident from
the fact that the solution, (24), for the generating function
of all connected and disconnected graphs is an entire func-
tion, the corresponding Green’s function Z,, grows slower
than n!; in fact it grows like (n!)?/2. On the other hand
the C),, the connected graphs, exhibit a factorial growth,
since their generating function ¢(x) posesses poles at finite
complex values of z.

3.3 Results for pure p*-theory

In this section we derive the lowest Green’s functions for
the pure ¢* theory, with action

b, 1y
S(p) = gue™ + 5he (29)
Defining
o €= MW
v= NIITE C24p2
we get for the SD equation
AER" (y) + R'(y) —yR(y) =0 . (30)

There are three solutions, which can be represented as
follows:

Raly) = D L (32) 2 U (86) )
n=0 '
_ oy —ny2 V(n; (86)71/2)
Raw) = S L el o i16e) 1) (31
3(9)*7;0(%74_”!(5) i"H,, (i(165) ), (31)

where U(v; z) and V(v; x) are the parabolic cylinder func-
tions, and H,, is the n*® Hermite polynomial (cf. [3]). The
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general solution is a linear combination with arbitrary co-
efficients. As we can immediately see contrary to what is
argued in many standard textbooks the odd Green’s func-
tions do not necessarily vanish.

On the other hand on can study the S2 equation as
well. For this we have to distinguish two possible cases:
the ‘standard’ one, with C; and the higher odd Green’s
functions vanishing, and the case where Cy # 0.

Let us consider the first case with a zero tadpole. In
this case we cannot, of course, directly use the results de-
rived above, since these deal with Cy. The S2 becomes
somewhat simpler, and in particular

2 0
Ci=—+(C3+ —C
: ﬁ<2+8u2)
On dimensional grounds we see that we can write

AR
v =2

1
Cy = —p0(v 5 )
2 /J//B( ) /J/Q

where v is dimensionless. Inserting all this into the first
nonzero term (that with z') in SD, we find the following
equation for G:

40?3 (v) + vB(()* + (2v +6)B(v) —6 =0 .

The substitutions

50 = o) =o)L w= g
3

lead then to

1
W )+ ') = (0 4 5 ) vl =0 (33)
which has the modified Bessel functions for its solutions.
The general solution can always be written as

Y(w) = kilya(w) + kol 1 /4(w) .

It is instructive to consider the perturbative form of these
results, that is, the limit where A becomes infinitesimally
small, or w goes to infinity. Since I;,4 and I_;,4 have
the same asymptotic expansion, a generic choice of k; o
will lead to a single perturbative expansion. The single
exception is the choice k; = —ks which leads to ¥ (w)
Ky /4(w), with asymptotic expansion

mm3<KW“”Q

v \ Ky a(w)
1 2 11 34
N1—§U+§U2_§U3+§’U4+"'

This is the standard perturbative expansion, in which the
propagator starts with i, and has loop corrections in pow-
ers of h:

1 M 20%R2
02:(12(1):<1—++~~> (34)

I 2u2 3t
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The alternating signs are of course due to the fact that
the Feynman rules prescribe a factor —\ for each vertex
in our Euclidean model. The asymptotic expansion in all
other cases is equal to that for the choice ko = 0, for which

we find
3 (1_3/4(w)
sy = - (o)
) v\ I4(w)
6 1 2 11 34
~——t+14+= S0 Tt ot
v+ —|—2v—|—30+8v+9v+ )
which gives a nonstandard expansion:
6p 1 A 2022
c,=0? - 2K (1A ). (35
2 2 Ah+u 2u2+ 3 + (35)

Note the occurrence of a ‘non-perturbative’ term 1/X here:
the rest of the expansion has an apparent opposite sign of
the coupling constant. An other way to look at this solu-
tion is by examining the saddle point equation, 65/6¢ = x:
the abovementioned solution corresponds to the saddle
point ¢. = v/—6u/\ + O(z).

In the case Cy # 0 we can write, again on dimensional
grounds,

Ci=av)/~ Cy = %ﬂ(v) )

with v as before. The first term (with 2°) in SD now gives
us a relation between v and 3:

1
va(v)

Blv) =

((6 — v)a(v) + 4%/ (v))

and then the second term (z!) gives
16v2a(v)a” (v) — 320%a/ (v)?
+(320 — 24)a(v)a (v) — 3a(v)?> =0 .
Using w as before, we may now substitute
ey
P(w)

to find that ¢ (w) again obeys the Bessel equation, (33).
For the asymptotic expansions, again two distinct choices
are possible. First, the choice

a(v)

1
P(w) = 5K1/4(w)
gives

pe* /v

av) = ———

K1/4(U})
oS Kypa(w) 1\ p?e®
plo) = v (K1/4(w) 1) Kyja(w)?

and the following asymptotic forms for Cj :

3 2 2 2w
Cy ~py| 2w Cy ~ 8+ prwe
2T s
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The alternative choice, for which we may take

(w) = %mw) ,

leads to
) = PECVY
I 4 (w)
3 I w 2 2w
By = -3 (3/4<>+1) _per
v 11/4(11)) 11/4(11/)
and
3T
CL ~ —_—
1 p 2\ )
2
(2) 27Tp v 1 13 2 73 3
~ _ 1— Zp— 22 23 ).
Cy ~ Cy < 1’ " o6Y  38a? (37)

In contrast to the zero-tadpole case, there remains an ar-
bitrary parameter in these solutions, p: it reflects the pres-
ence of the ‘non-perturbative’ tadpole-like contribution
and has to be determined by additional requirements.

3.4 Results for 3+ p*-theory

For the general zero-dimensional @3+p*-theory, the action
is given by

Lo, 1 3, 1 4
S(p) = Gue” + g As¢” + ot (38)
In the dimensionless variables
y X g )\3 h g /\4h
= 7= 3= —Al— 4= —5
Vih wo\ p p?
the SD equation becomes
1 1
Gl (W) + 593R"(y) + B'(y) —yR(y) =0 . (39)
To solve this equation, let
R(y) = e ¥/ F(y) .
Then F satisfies the equation
1
g9l () +aF'(y) = (y +P)F(y) =0, (40)
where
2 2
a1 9B g:%<1_93>
294 94 394
Finally, changing variables
U ga _ g B\’
=L qe = 9+ _J (1 _ I3
yth=5 0 B=5a T ( 2g4>
(40) becomes
AEF" () + F'(n) —nF(n) =0 . (41)

(41) is exactly (30) of the pure p?-theory, so that the
solutions here are those of (31) with £ as given above and
y replaced by 7.
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3.5 Results for the charged scalar field

For the complex scalar field, the path integral solution is
given by

R(z,z) = /dsodw exp {;[w +Zp — S(gp, so)}} ;

S(p, @) = upp + 2 o0)° . (42)

1

Due to charge conservation (O(2)-symmetry) one can eas-
ily show that R only depends on the modulus 2z, so that
it satisfies the following equation

CR"(C)+2R"(¢) + *[R'(¢) —

TT 2 1/2
=i o=n()

The third order equation can be solved by power series
expansion in ¢ and two of its solutions are given by

R(O]=0

(43)

mo -2 (33) (%)

:Z(n!)

n=0

RQ(C) U(?’L+ %701) s

(44)

where H,, stands for the n*" order Hermite polynomial and
U(w, x) is the parabolic cylinder function. The third solu-
tion can be found by standard procedures but the actual
result is rather cumbersome and we refrain from giving it
explicitly.

Where R; is a purely non-perturbative solution, Ry has
an asymptotic series expansion which leads to the normal
perturbation series for the connected Green’s functions:
for instance the two point function is given by

(45)

Although the standard integral representation of R is
given by (42), the differential equation in the variable ¢
leads to another peculiar single contour integral represen-

tation
o o
Yo 22 )

where the contour I is from infinity to infinity such that
the integral is convergent.

:/d’(/J exp (Cw—lnw—
r

3.6 Contours in the integral representation

The integral representation of the solutions for the pure
@3-theory, with ¢ = \/uu/h, can be written as

R(y:¢) = K/dwexp( Ly £w3+yw), (46)

Zero-dimensional field theory

Fig. 1. Contours in the complex u-plane for the Airy functions

where K is a constant which can depend on &. In case
the moduli of the endpoints of the contour I' are taken
to infinity the standard path-integral representation is re-
covered. In fact in this case the substitution

u e (36)-1/3y _ L
(30 - o

leads to

R(y; &) = K exp <_1018§_6§)/du exp (—;u +tu)

This integral can now be expressed in terms of the Airy
functions

1 ) ,
/ du exp (—3u3 + tu) = 2wl Ai(tw?)
I

where w = €?™/3 j = 0,1,2 and the contours I; are

depicted in Fig. 1. Note that

ijAi(twj) =0 .

J
For a pure ¢*-theory, similar considerations allow us to
express the functions R; defined in (31), j = 1,2,3 as

follows
_ /4 oxn [ ———
Rl—f(%)“ep( 325)/ dy

X exp (—2w2 - gu't+ w)

_ y _i 100
R = 06 e (<o) [ aw

X exp (—;W — &t + yz/J) (47)
whereas for Rj3
(/ /_ )dwexp( Lop eyt +yw>
= g(%)*l/4 exp (3;) (Ry —imRy)
j 1
+%T exp <16£) (26)"Y4R; . (48)

Let us have a closer look at the various possible con-
tours in the case of general ©?+4@*-theory. Let us denote
the various objects in the action as complex numbers:

e =lple™ |, Az=[Asle™ | Ag=|Agle™ .
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Fig. 2. The regions in the complex ¢-plane which correspond
with £24(k), 23(k) and 22(k) with n; = —jaoy

For simplicity and without loss of generality, we may keep
w real and positive. The direction in the ¢ plane where
the term A\jp? goes to positive infinity as |¢| — oo are
given by

T M My T m 174)
2+8 4/’

we Qulk), k)= (k3 -2 -2,

k=0,1,2,3 .

Similarly ‘allowed’ directions for the A3¢? term are
w e 25(k)

2r w13 2r w13
k)= -2 -2 =428
a(k) (3 6 3'"3 7% 3)’

k=0,1,2 .

Finally, the 1p? term goes to positive infinity for

we k) , k) = (lmr—% : k7r—|—g) k=01 .
By inspection of these endpoints, already statements can
be made about the (non)perturbative character of the the-
ory corresponding to a given contour. To illustrate this,
let us consider a pure ¢*-theory, i.e. with A3 = 0. Let the
contour start at some 1, chosen at infinity with argument
w1, and end at some @3, also at infinity in some direction
with argument ws. These values each have to be in some
interval 24: let wy be in 24(n1), and wy in 2(ng). We
can sufficiently specify the contour by giving n; and ns so
that for instance the contour Iy for n4 = 0 denotes the
standard (*-theory, where we may take the real line for I,
start at ¢ = —oo and end at ¢ = +oo (interchange of the
endpoints corresponds to replacing R by —R and hence
does not influence ¢(x)). In total, there are six contours
that give a viable g04—theory: To1, I, Iss, I3, T2 and
I'13. Note that these are related to each other by phase
shifts: in fact,

F30:F12(’l74—)’l74+277),F23:F12(774_>774+47T) ’
o =T19(ng = g +67) , I'ig = Toa(na — na + 27) .

Therefore, only Iye and I1, say, give really different the-
ories, all other cases being obtainable by an appropriate
shift in 74. All contours, as stated, corresponds to viable
theories as long as )4 is non-vanishing, but when we let
|[A4] — O there are two possibilities. It may happen that
£24(n1) overlaps with one of the {25 segments, and 24(ns2)
with the other 25 segment. In that case, the limiting the-
ory is equal to the free theory, and the limit |[A4] — 0
is smooth: we may call this the perturbative limit. In the
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other case the limit is not smooth, and the path integral R
will diverge as |\4| — 0: we call this the non-perturbative
limit. Clearly, the limiting behavior depends on the ar-
gument 74: for the contour Iy (the ‘standard one’) one
has

—§7r <y < 27r , 27r <ny < ?ﬂ' : perturbative ,
3 1 13 )
37 <m < 3T 57 <M< o non-perturbative

and for the other contour Ip:

1 3 9 11
T <M< -, —T<MMp<——7:

per urba‘ 1ve 5
1 /I 1 7T . non-perturbative
2 774 2 I 2 774 2 p I

For the pure @3-theory, there are of course three contours,
related to each other: I'ng = Ip1(ns — n3 + 2m), T2 =
I'vi(ns — n3 + 4m). For the limiting theory we find, for
contour Iq:

——r < <*17 - <n <7]' T erturbative
. rturbatl
1 3 1 ) 1 3 1 p )

13 19 bati

177 <n3 < Zw , Zﬂ' <n3 < Zw : non-perturbative .
In a theory with both ¢3 and ¢* couplings, things become
more interesting. Of course, as long as A4 is nonzero, we
are allowed to let A3 go to zero without jeopardizing the
perturbativity. On the other hand, we can only let A4 van-
ish with fixed A3 if the selected 24 and {23 intervals over-
lap. We give in Fig.3 and Fig. 4 the values of n4 and 73
that correspond to a perturbative Ay — 0 limit, Finally,
we may study the combined limits Ay — 0 followed by
A3 — 0. The regions of perturbativity are given in Fig. 2.
Clearly, these are more restricted since we are in this case
requiring a common overlap of {25, {23 and (24.

4 Renormalization

Even though zero-dimensional field theories have no infini-
ties, we may still consider the effects of renormalization,
which here take a graph-theoretical significance. Renor-
malizing the field so that the exact propagator is 1/u, and
the coupling constant so that the proper vertices assume
their tree-order form, we are counting Green’s functions
without self-energy and vertex insertions, that is, we are
counting the skeleton diagrams of the theory. We shall
restrict ourselves to theories that are known to be per-
turbatively renormalizable in the usual four-dimensional
case.

4.1 Renormalization of pure ¢3-theory

In this case renormalization proceeds as usual with the in-
troduction of the tadpole (z1), the mass (22) and the ver-
tex (z3) counter terms, as well as the corresponding renor-
malization conditions that imply the dependence of these
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Fig. 3. The shaded areas correspond to combinations of 74 and n3 (in units of 7) for which the limit Ay — 0 (with A3 fixed) is

perturbative, for contour Iy (left plot) and contour Iue (right)
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6 7 8

Fig. 4. The shaded areas correspond to combinations of 74 and 73 (in units of ) for which the limit A4 — 0 followed by A3 — 0

is perturbative, for contour I'p; (left) and I'os

counter terms on the renormalized coupling constant. The
renormalized action can be written as (u=1,h=1)

1 1
S =329 + 2950 + 210 (49)
and the SD equation takes the form
G
2¢ = (v —21) — 73@52 +¢) Gz =gz . (50)
Moreover using (19) we get,
¢ _ 1" P ’
3G35 - = 220" + 22009 —d—(x—z21)¢" ,  (51)
0G5
whereas (6) becomes,
a(b / 1 1/
IO — _ph — o . 52
oo = =00 = 39 (52

The renormalization conditions that have to be applied
are

Condition 4.1.1. No tadpoles, i.e. p(x = 0) = 0;

Condition 4.1.2.
Condition 4.1.3.

propagator = ¢'(0) = 1;
vertex = ¢”(0) = —g.

Application of these conditions to the SD equation and its
derivative leads to the equations

1

—59%3

: (53)

L,
z1 = z2=14-g"23 .
2
So if we know z3 as function of g, we know z; and z as
function of g, and we can consider ¢ to be a function of
g and z only. Its derivative w.r.t. ¢ can, using 9/0z; =

—0/0x, be written as

99 _
dg

where a dot denotes differentiation w.r.t. g. Because ¢ is
a function of z and g only, the Lh.s. is zero in x = 0 by

e 0. 90 ,
¢z + 022 + 8G3G3 (54)
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Condition 4.1.1, and evaluation of the r.h.s. leads to the
equation

gdzs 223 —2(1+ g?)z3

—4+ (44 g?)z3

= 55
2 dg (55)
It is straightforward to derive that for ¢ = 0 the pertur-
bative counter terms read

Zl(O) =0 y 22(0) =1 y 23(0) =1.

(55) is an Abel equation of the second kind [7]. The per-
turbative solution, satisfying the above initial condition,
is
545 1,
5 9 T ;
(56)

1
z3(9) =1-g¢° — 594 — 4% — 2948

an expansion previously given by Cvitanovié et al. [4].

Having, however, solved the SD equation for ¢3-theory
(Sect. 3.2), we also have an exact, albeit implicit, solution
of (55), making use of Condition 4.1.2:

1/3
[c1 A’ (tg) 4 ¢2Bi'(to)] (;3)
— 22 [e1Ai(to) + e2Bilto)] = 0 | (57)

gz3

2 \'* /1 22
to=|— =
= (in) Grea)

2 2.2
) g z3
=——=— (1
(29225)2/3( 2 ) ’

and Ai and Bi are the two independent solutions of the
Airy equation f”(t) = tf(t). The meaning of this equation
(57) is that for a given g and by using (53) as well as the
functional form of Ai and Bi we can determine z3. To show
that (57) is an implicit solution of (55), let

2 222 1/3
F(g) — ( g d) ,
z2

where

implying toF(g)? — 1 = (g23/22)?, and differentiate (57)
with respect to g to get

(F/(g) — Zi;) [ClAi/(to) + CQBiI(to)]

dto

=0 .
dg

+F(g)[c1Ai” (to) + c2Bi" (o))

Using the Airy equation and (57), we get

D 4yp(g7 ~1) =0 .

F'(g) i

Explicitly, this says
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Fig. 5. z3 as function of Re g with Im g = 0 for pure ¢>-theory
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Fig. 6. g as function of Re gzs with Im gz3 = 0 for pure @°-
theory

By using (53), one easily sees that the above equation is
an equivalent form of (55).

In Fig.5 we present the results of a numerical calcula-
tion of z3 for the I'g-contour as function of g, as described
in the Appendix. The left graph shows the real and imag-
inary part of z3 as function of real and positive values of
g. Notice that z3(0) = 1 as demanded, and that the imag-
inary part does not stay zero for real g. This is, of course,
an artifact of the definition of the path integral over a
complex contour, which is the I'jg-contour for 3-theory
in this case (Fig.2). The right graph combines the real
and imaginary part in one curve in the complex zs-plane.

Fig. 6 shows what happens if we let g run with real and
positive values of gz3, so that the actual coupling constant
is real and positive.

4.2 Renormalization of pure ¢*-theory

In the case of p*-theory, the renormalized action is given
by (u="h=1)

Loy 1 4
§= 529 + 979" - (58)
The SD equation becomes
— % 3 / " _
20 =1 6(¢ + 308" +¢") Gy =gz1 , (59)
and the stepping equation (19), leads to
99 _ Z Y
4Gy = 220" + 22200 — ¢ — ¢’ , (60)

0G4

whereas (6) assumes the form of (52). The renormalization
conditions require that
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Condition 4.2.1. ¢(z =0)=0;
Condition 4.2.2. ¢/(0) = 1;
Condition 4.2.3. ¢"'(0) = —g,

and application to the SD equation leads to the relation

z9=1— }(3 —9)g9z4 . (61)

6

As in the case of @3-theory, ¢ can be considered to be a
function of x and g only, and its derivative w.r.t. g can be
written as

9 _ 06 . , 99
99 " 0m 2 T ac, Ot

The Lh.s. is zero in £ = 0 by Condition 4.2.1, and evalu-
ation of the r.h.s. leads to

—624 + (6 — 9g + 3g%)22
69 — g(6 — 59 + g?)za

another Abel equation of the second kind. The perturba-
tive solution is given by

(62)

das _
dg

; (63)

3 3, 11, 45
a(g) =1+ 59+ 0%+ —g° — —g' +

499 5
29T 39 T 16 32

(64)

We want to remark at this point that the statement
by Cvitanovié et al. that, in the case of ¢3-theory, the
coefficients of the series expansion of g — gzs count con-
nected three-point diagrams with no self-energy or ver-
tex insertions cannot be carried foreward to ¢*-theory:
the coefficients of the series expansion of g — gz4 do not
count connected four-point diagrams with no self-energy
or (four-point) vertex insertions. There are, for example,
no such diagrams with three vertices.

To find the exact implicit solution of (63), we apply
Condition 4.2.2 to the solution (31) of p*-theory, resulting
in

CltU(l,t) . CQtV(l,t) _ ClU(O' t) + CQV(O, t)
Z9 20(3) ’ I(3) ’
323)1/2
t= [ =22 65
<924 (65)
Letting
1;t
Fi(t) = e U(Li1) — CQIX((;) ) and
2
caV(0;t
Ro(t) = en0(0it) + 20
2

the above equation becomes
tFl (t) = ZQFo(t) .

Using the properties of the parabolic functions we can
easily show that

Rt = (2 -1) R |
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Fig. 8. Cs as function of g (left) and logz4 as function of
—log(2 — g) (right)

1

Fi(t) = -5

2 (H%)Fo(t) ’

so that differentiation of (4.2.3) leads to

dtZQ dt Z9

— —Fp(t t— | = — 1) Fy(t
i1 o<>+dg(2 ) Fo(t)
_dz Zo dt 22

= R0 - <t+ 7) Folt) .

This equation can be written as

dt dt (1 t* g—3
(34575 o) =0,

dg zo dg
where we used relation (61). Finally, since t/22 = 1/3/g24
by definition of ¢, it is easily seen that the above equation
becomes (63).

In Fig. 7 we show the results of the numerical calcula-
tion of z4(g), as described in the Appendix. We used the
Iyo-contour for p*-theory (Fig.2). Starting at z4(0) = 1,
z4(g) stays real and positive for real and positive values of
g, as expected. Moreover 2o exhibits a zero, whose position
g« can be calculated analytically and is given by

g*:g_l(m

4\r(3)

At this point the theory becomes ‘massless’, in the sense
that the bare mass becomes zero, yet the Green’s functions
do not exhibit singular behavior. In fact let us consider
the 6-point function as an example. It can be explicitly
calculated and it reads

N

2
) ~ 0.81155 . (66)

e

Co=062'—6+99+4g° .
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L — 0
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x

Fig. 9. The complex g-plane and the complex z4-plane. g goes
around twice, anti-clockwise and starting on the real axis on
the left side of g = 2

It is easy to see that the expansion around g = 0 repro-
duces the known perturbative series. Moreover, the left
graph Fig. 8 presents Cg as a function of g.

We also see that z4 increases with increasing g, and ex-
plodes if g approaches 2. The graph on the right of Fig.8
suggests that there is a simple pole at g = 2. In fact, sub-
stitution of a Laurent series around g = 2 in (63) results
in a solution with a simple pole:

6
za(g) = ETh 6 —12(g — 2) + 54(g — 2)?

—399(g — 2)® + 3948(g — 2)* — (67)

One can ask the question whether this series expansion
corresponds to a solution with z4(0) = 1, that is, the per-
turbative solution. In order to get the perturbative solu-
tion from the implicit solution (65), in combination with
(61), we should take the constants ¢; and ¢y such that
the limit of ¢ — oo exists. Using the properties of the
parabolic functions and their asymptotic expansions, we
find that the perturbative solution has to satisfy

Ban(Lt
@ =t Bwf(i) -1, (68)
1/4(4 ?)
B, (L2) = L [I_,(5t*) + (%)) if Ret <0
AT g L (382 — L(A2)]if Ret > 0,

together with (61). For g close to, but smaller than, g = 2
we see that zo < 0, so that Ret < 0, and it is easy to
see that the solution in this case has a simple pole at
g = 2. However, the coefficients for large powers in the
series expansion seem to behave as (2n + 2)!, so that the
series has radius of convergence equal to zero, and the
numerical solution of a curve around g = 2 in the complex
g-plane reveals that there is a branch point (Fig.9). In
any case, for g — 27 the bare coupling becomes strong
and the bare mass squared large and negative whereas the
connected Green’s functions are still perfectly calculable;
for instance Cg(g = 2) = 16.

Zero-dimensional field theory
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4.3 Renormalization of ¢+ p*-theory

The renormalization of the ¢3+p*-theory is more involved,
but straightforward. The action is given by

_ 1 2 1 3 1 4
S = 52’2@ + iGgﬁp + IG;;QO +z10
G3=g3z3 , Gi=gazy ,

and the SD equation assumes the form

20 = (v —21) —

O 65+ 360 +6").
(69)

G 2 ’
7@5 +¢') —

The stepping equations read

S = g — 308" — 30— 360

S = 5" = 00— 2 — 10
5007 — 6%

22— il = 50"

and the renormalization conditions are now

Condition 4.3.1. ¢(z=0) =
Condition 4.3.2. ¢'(0) =1,
Condition 4.3.3. ¢”(0) = —gs;

Condition 4.3.4. ¢"(0) = 393 —

Combining these conditions with the SD equation one eas-
ily gets

1 1
2 = §Q3G4 - §G3 )
1 1
20 =1-— 6(395 — g1 +3)Gy + 593G3 ; (70)

so that ¢ becomes a function of g3, g4 and z only, leading
to the the four equations:

@ _— )821 o 029
09i | o dgi | 0z oo 09i
n ¢ 0G5 ol 0Gy 0
0Gs |,y 09;  0G4|,_, O09i
and
¢’ _ _¢//( )321 ¢’ D29
09i |, dg; Ozy oo 09
n o’ 0G5 09’ 0Gy 0
603 2=0 892» 8G4 2=0 8gi N

with i = 3,4. The coefficients at x = 0 can be inferred
form the stepping equations. This way we have a system
of four equations involving the partial derivatives of the
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functions Gs(gs3, g4) and G4(gs, g4) with respect to g3 and
g4. Notice that the equations are linear with respect to the
four partial derivatives but higly non-linear with respect
to the functions Gs(gs, g4) and G4(gs, gs). They can be
solved perturbatively with the result

3 )
G3:gg_g§h+593g4h+4g§’h2—69§g4h2

3 . 3 19
+19392h2*4g§hd*59294h3+193 gi b

. 93 :
+§gsgihg+7g§h“*59§g4ﬁ4+819§93h4

100 45
— e ga it — — gagi Bt AT g RS
3 16
YN

807
— T G g BB+ 927 gL 210 — — 9394 X

2
785 5 aps 499 s
s Y T
TG sl T 55930

3
Gi=g1+3gsh—6g5g4h+ §gih—69§h2+5g§g4h2

3 3
+§g§gif3 + ngih2+9g§ﬁ3 — 4395 ga B

151 ,

11
+5 93910 = 3995 gL+ — gi P+ 3357 1
1485

—324 g5 g4 h* + 834 5 2h4——4??fg§gih4

1585 45 1029
U VR

27525

—4610 g3° 4h54—44§4— g5 g3 m° — 17020 ¢§ g3 h°

68595 , ,.s 10705 2a 499 S

= R — SHO+——¢Sh

g 9394 . + 35 9

where the i dependence has been restored for convenience.
In the limit g3 — 0, also G3 — 0, and the equations
reduce to

Gy _ 0 Gy _ 2(2 - g4)G3

993 ’ dgs 694 — (6 —5gs+93)Gs
0G5 G4 % —0

dgs g1 094 '

Note that G4(0, g4) can be identified as g424(g4) where z4
is the same function is as in pure ¢*-theory. Another inter-
esting result is that the term linear in g3 in the expansion
of (G5 is given by

G5(93,94) = g324(g4) + O(g3) -

4.4 Renormalization of the charged scalar field

In the case of the charged scalar field we consider the
integral representation

1
T) = \/g/d@d@ exp {h [nzopp

1
+gAz4(ea¢)2 —zp — w} } ,
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which satisfies the SD equation

CR™(C) +2R"(C) + g%[zamo “RQ]=0 |
T N
C=Th 9=m (71)

u——x ﬁ——j ¢ =uu w—\/ﬁgo
/Mh b /uh ) ) h b)

(71) becomes
Rl 0= [dvab exp (~s00 — qom(00)? + b+ 10)

implying

OR _ 1d(gz) O'R
dg 4 dg Oudu?

dZQ 82R

dg Oudu

or, in terms of the (-variable

OR 1d(gZ4) 2 pin " "
3 1 dg (CCR"™ +4CR" +2R")
dZ? % /
. 2
i Z(R"+R) (72)

Now, the generating function of the connected Green’s
functions is given by

0 x R
o3) = h- nR(Q) = S
and the renormalization conditions are
Condition 4.4.1. g¢( =z=0)= l, implying R’(0)
= R(0); ' g
Condition 4.4.2. ag;ﬁz( =z=0)= f%, implying

R"(0) = (1 - g) R(0).

By combining equations (71) and (72) and the renormal-
ization conditions we get

z2:1—<1—g>924

2

and

dzy _ 2z — (3g% — bg + 2)23 (73)

dg — —29+9(9> —3g+2)z
with perturbative expansion

5 9 49 271 5025

— 14294t 2P 4 9V 5
alg) =1t oo qo+ 59— 59 T 9 F
(74)



E.N. Argyres et al.:

To get an exact implicit solution of (73), we go back to
(71) and change variables to get

nR" (n) +2R" (n) + o*[R'(n) —

¢ /2
n=—. a = —z2
22 gz4

This equation has exactly the form of (43), and the per-
turbative solution is given by

R =3 1S

n=0

R(n)] =0,

(75)

Un+ 4;0) .

Condition 4.4.1 implies the implicit exact solution of the
form
aU(3;a) = U(5;0) ,

where, of course, 2o =1 — (1 — g/2)gz4.
To show that (76) is indeed an implicit solution of (73),
differentiate (76) with respect to g:

da  dzo do
N5 = UG+ =V (i) 5

and using parabolic cylinder functions properties together
with (76) to get

d 2
9z _ (22 p 2 o) %
dg @ «@ dg

(76)

[U(3;a) +alU'(3;

(77)

with a = ,/— zo. It is a straight forward calculation to

gza
show that this is indeed (73).

In the following we present a derivation of the initial
condition for z4(g = 0). Using the path integral expression
of (71), we find the SD equation

pzahOR —I— h3882 —zR=0 .
The generating function (;5 = hdln R of the connected di-
agrams satisfies

6(0,00=0, (20)(0,00=0,
as well as the SD equation
oL 2 S (60 + 20006 + 500 + 1%600)
wzo 24

with the renormahzatlon conditions 4.4.1 and 4.4.2. These
should hold for any value of &, and for A = 0, the SD
equation becomes

oz Aze(0) - 5
Po = pz2(0)  2u22(0) Po0
from which we derive for the perturbative solution that
1
0 0,0) = = 20)=1,
(900)0.0) = 2(0)
- A
@ on)0.0) = -2 = L =1

Notice that the value h = O is directly related to g = 0
since g is proportional to A.
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5 Summary

In this paper we studied several aspects of zero-
dimensional field theories. In the first place we derived a
set of diagrammatic equations, including the well known
Schwinger-Dyson equations as well as a set of ‘stepping’
equations generalizing some previous results. Then we
showed how to solve these equations exactly in terms of
known functions and we established integral representa-
tions of these solutions, best known as the ‘path integral’
representation. Explicit results were obtained for 3, ¢,
@3+ and the charged scalar field theories. Subsequently,
we studied the ‘renormalization’ of such theories in zero
dimensions, which is equivalent to counting diagrams with
restrictions imposed on the type of diagrams considered,
for instance diagrams without any tadpoles, self-energy in-
sertions or vertex insertions. We were able to get explicit
results for the dependence of the bare quantities such as
the mass, the coupling, and the tadpole counter terms, on
the renormalized (physical) coupling constant. Examples
of interesting observations are the facts that in p* the-
ory, the bare mass exhibits a zero at a finite value of the
renormalized coupling constant g = g, ((66)), whereas at
g — 2 — € the bare coupling becomes strong and the mass
squared becomes large and negative. Yet in both cases
the ‘physical’ connected Green’s functions remain finite
and calculable.

Appendix

Consider general ¢P-theory, and suppose that all but one
renormalization conditions have been implemented
through functions zx(g, 2p), k = 1,2,..,p — 1 of two vari-
ables z, and g, like in (53) and (61). This means that we
are considering a theory with an action

p—1
p+zzk (9,2p)

Let I' be a contour in the complex (-plane, such that
Re P — oo at the endpoints, and define

5(9721;;@ =

Zn(9, 2p) ZZ/Fdsw” exp{—S(g, 2p;0)} -

Such an integral is not defined for all complex values of
9zp. Let gz, = |g2,|e®P" and denote by eI the contour
that is obtained from I" by clockwise rotation over 7. For
complex values of gz,, we define

Zn(9, %) 1= /7, Ao exp{=5(g, i 0)}

— —ilntD)n / dp "
r

p—1
z z 1.
X exp (_ |gp'p| (Pp kili G_an(pk>
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Integrals of this type can easily be calculated to high pre-
cision by numerical integration. One just has to choose I’
such that it goes through one or more saddle points, so
that the integrand oscillates as little as possible.

To formulate the renormalization problem further, let
us denote the connected moments by C),, so

A Z3

— = _ 22 _ 2

Cl_Zov 02 ZO Cla
Z

Cs =22 30,0, -C% ...
Zy

and so on. The problem is to solve 2, as function of g from
the implicit function equation

Op(gazp) =-9,

which represents the final renormalization condition. This
equation can be solved numerically. Given a value of g, we
have to find the zero of the function

F(zp) == Cp(9:2p) + 9
which can be found using Newton-Raphson iteration

F(zp)
F'(zp)

Zp<—2p—

By making small steps in the value of g, the solution z,(g)
on a curve in the complex g-plane can be determined. At
the start of each iteration, the question arises of which

E.N. Argyres et al.: Zero-dimensional field theory

initial value of z, to choose, and the obvious answer is
to choose the final value of the previous iteration, which
should lie close the the new final value if the steps in g are
not to large.

As a check one can look whether the results obtained
with this method satisfy (numerically) the available dif-
ferential equations for z,(g) ((55) and (63)).
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